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ABSTRACT
Knowing vehicle sideslip angle accurately is critical for
active safety systems such as Electronic Stability Control
(ESC). Vehicle sideslip angle can be measured through
optical speed sensors, or dual-antenna GPS. These
measurement systems are costly (~$5k to $100k), which
prohibits wide adoption of such systems.
This paper
demonstrates that the vehicle sideslip angle can be estimated in
real-time by using two low-cost single-antenna GPS receivers.
Fast sampled signals from an Inertial Measurement Unit (IMU)
compensate for the slow update rate of the GPS receivers
through an Extended Kalman Filter (EKF). Bias errors of the
IMU measurements are estimated through an EKF to improve
the sideslip estimation accuracy. A key challenge of the
proposed method lies in the synchronization of the two GPS
receivers, which is achieved through an extrapolated update
method. Analysis reveals that the estimation accuracy of the
proposed method relies mainly on vehicle yaw rate and
longitudinal velocity. Experimental results confirm the
feasibility of the proposed method.
NOMENCLATURE
U, V

Longitudinal and lateral velocities (in vehicle frame)

ψ ,ψ&

Heading angle and yaw rate

V fe ,V fn

Eastbound and Northbound velocities of the GPS
receiver located on the front end of the vehicle

Vre ,Vrn

Eastbound and Northbound velocities of the GPS
receiver located on the rear end of the vehicle

a xm , a ym Measured longitudinal and lateral accelerations at
center of mass
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rm

Measured yaw rate

L f , Lr , L Distance between the front GPS receiver and vehicle
center of mass, between the rear GPS receiver and
vehicle center of mass, and between the two GPS
receivers, respectively

xk , z k

State vector and measurement at step k

xˆ m|n

State estimation at step m based on measurement up
to step n

Pm|n

State estimation covariance matrix at step m based
on measurement up to step n

Qk
~y

Disturbance covariance matrix at step k

Kk

Optimal Kalman Filter gain at step k

Rk

Measurement noise covariance matrix at step k

f ,h

State transition function and measurement function

k

Measurement residual at step k

bx , by , br Biases of longitudinal/lateral accelerometer and rate
gyro

wx , w y , wr White noise in longitudinal/lateral accelerometer
and rate gyro

T
H .O.T

Delay time in GPS velocity measurement
Higher Order Terms

INTRODUCTION
Sideslip angle is an important state of vehicle lateral
dynamics, and its estimation has been studied by many
researchers [1-10]. Existing methodologies can be categorized
into three groups: Kinematics-based estimation, kinetic modelbased estimation, and GPS-based measurements. Kinematicsbased method is robust to vehicle parameter errors and works
well even when the sideslip angle is outside of the linear range
of sideslip-lateral force relationship. However, it is sensitive to
sensor bias and disturbances such as road inclination. Kinetic
model-based methods require very accurate parameter
information, and the small sideslip angle assumption is critical.
Bevly et al. proposed an estimation method utilizing a
single antenna GPS along with inertial measurement unit (IMU)
[8,9]. Basically this method integrates the bias-corrected yaw
rate to obtain vehicle heading angle, which can provide the
sideslip angle along with the vehicle velocity angle measured by
the single antenna GPS. In spite of the originality of this
method, the side slip estimation error will grow over time and
stable yaw gyro bias and high accuracy of its estimation are
required. These performance limits are inevitable to overcome
the inherent limitation of algorithms using a single antenna
GPS: the vehicle heading angle is unobservable with only a
single GPS antenna [8]. The idea of utilizing multiple GPS
receivers to measure sideslip angle was explored by researchers
at the Ford Motor Company and the concept is described in a
patent [11]. Although this method mainly utilizes the
relationship among the velocities of multiple GPS receivers, the
vehicle heading angle, which is very critical in sideslip
estimation, is calculated by subtracting position vectors of GPS
receivers. Since the position measurement of a today’s low-cost
GPS receiver has poor accuracy (~5 m), advanced positioning
technologies need to be employed. Ryu et al. also investigated
the application of dual antenna GPS for sideslip
measurement.[10] It has several advantages, including being
vehicle parameter free, working at large sideslip angle, and
providing accurate vehicle heading angle. However, the high
cost of dual-antenna is a major roadblock for practical
applications. With dual antenna GPS, the vehicle heading angle
is calculated by measuring phase difference of the carrier waves
received at the two antennas at known locations on the vehicle
[12]. The phase difference detection capability is believed to be
the main reason for high hardware cost today.
This paper presents a new method utilizing two low-cost
single GPS antennas to estimate vehicle sideslip angle. Four
kinematics equations which connect velocities of two different
GPS receivers to the heading angle and longitudinal/lateral
velocities of the vehicle are presented. Analysis of these
equations is conducted to find the theoretical limit of the
sideslip/heading angle estimation. GPS/IMU fusion through an
Extended Kalman Filter is discussed. For an accurate GPS/IMU
fusion, measurements from IMU and two GPS receivers must
be aligned to represent concurrent data, called synchronization
henceforth. One popular method for GPS/IMU synchronization

is to tag IMU measurements with coordinated universal time
with the aid of 1 pulse-per-second signal from GPS receiver.
This method can facilitate tight synchronization but requires
direct access to the data collection hardware [13]. Another
method sets the unsynchronized time difference as a state and
estimates it through an augmented Kalman Filter [14]. This
method can be implemented without direct access to the
hardware. This paper utilized the latter method for GPS/IMU
synchronization. Direct synchronization between two GPS
receivers was not tried. Instead, an extrapolation method was
exploited to reduce the error caused by the unsynchronized
updates between two GPS receivers. A small pick-up truck
equipped with two single-antenna GPS receivers and an IMU
(longitudinal/lateral acceleration and gyroscope) was used to
conduct road test to verify the performance of the proposed
method experimentally.
KINEMATICS OF IMU AND TWO GPS RECEIVERS
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FIGURE 1. TOP VIEW OF A VEHICLE ON THE
PLANAR SURFACE
Figure 1 shows the top view of a vehicle on the planar
surface. Four GPS planar velocities (East/North velocities of
Front/Rear GPS) can be expressed as functions of
longitudinal/lateral velocities, yaw rate and heading angle:

V fe = U cosψ − (V + L f ψ& ) sinψ

(1)

V fn = U sinψ + (V + L f ψ& ) cosψ

(2)

Vre = U cosψ − (V − Lrψ& ) sinψ
Vrn = U sinψ + (V − Lrψ& ) cosψ

(3)
(4)

Although the number of equations and unknowns are the same,
these equations are not necessarily solvable. Furthermore, the
effect of GPS velocity measurement noise on the accuracy of
longitudinal/lateral velocity and heading angle estimation needs
to be analyzed. To find the singular condition when estimation
of four states is impossible, and to understand how GPS
velocity measurement errors propagate in states estimation
calculations, the Taylor’s Theorem was applied (Eq. (5))

δV fe  cosψ − sinψ − U sinψ − (V + L f ψ& ) cosψ − L f sinψ δU 
δV fn   sinψ cosψ
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U cosψ − (V − Lrψ& ) sinψ − Lr cosψ δψ& 
δVrn   sinψ cosψ

(5)

J
Ignoring the higher order terms, Eq. (5) becomes linear. Since
the determinant of the Jacobian matrix is

det( J ) = L2ψ&

(6)

Eq. (5) becomes singular if and only if the vehicle yaw rate is
zero. Figure 2 gives an intuitive explanation why zero yaw rate
corresponds to the singular situation. With zero yaw rate,
velocity measurements of the two GPS receivers will be
identical for the two cases A and B. Therefore, it is impossible
to infer vehicle heading angle when yaw rate is zero. For
heading angle calculations, velocities of the two GPS receivers
need to be coupled with the heading angle through non-zero
yaw rate.
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By applying Eq. (8) to Eq. (7) and assuming the standard
deviations of the GPS horizontal velocities are identical, we
have
2
(9)
σ (δψ ) =
σ (δVGPS )
Lψ&
2U 2 + ( L2f + L2r )ψ& 2

σ (δβ ) =

LUψ&

σ (δVGPS )

where the vehicle sideslip angle β is defined as tan

(10)
−1

(V U ) .

Error analysis of heading angle (ψ ) is derived because it is
critical information for sideslip estimation. Figure 3 shows the
numerical results of Eqs. (9), (10). It can be seen that the
heading angle estimation accuracy is proportional to the
accuracy of the GPS speed measurement, which is beyond our
control. However, it can also be seen that the accuracy is
inversely proportional to vehicle yaw rate and the distance
between the two GPS receivers (L). Sideslip angle estimation
becomes more accurate with higher yaw rate and high vehicle
longitudinal velocity. Note that standard deviation of the
sideslip angle error is close to but always higher than that of the
heading angle. Table 1 presents theoretical limits of heading and
sideslip angle estimation under the assumed white Gaussian
noise of the GPS velocity measurement (standard deviation of
the GPS receiver utilized in this paper is measured to be
0.01m/s). In the calculations, the vehicle forward speed is
assumed to be 10 m/s.
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Resolution Analysis
When yaw rate is not zero, Eq.(5) is non-singular and
change in the four states (longitudinal and lateral velocities,
heading angle and yaw rate) can be obtained by inverting the
Jacobian matrix :
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FIGURE 2. ZERO YAW RATE CORRESPONDS TO SINGULAR
CONDITION
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In addition, the standard deviation of a signal which is a linear
combination of two other signals, assuming the two signals are
uncorrelated, can be computed from

σ (aX + bY ) = a σ ( X ) + b σ (Y )
2
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FIGURE 3. STANDARD DEVIATION OF THE HEADING ANGLE
AND SIDESLIP ANGLE ESTIMATION UNDER WHITE
GAUSSIAN GPS VELOCITY NOISE

TABLE 1. THEORETICAL PERFORMANCE OF THE HEADING
ANGLE AND SIDESLIP ANGLE ESTIMATION ERROR (1 σ )
Yaw Rate (o/sec)

15

30

45

( o)

0.64

0.32

0.21

Sideslip Angle (o)

0.65

0.33

0.22

Heading Angle

ym
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y

(21)
(22)
(23)

The three bias terms (bx, by, br) of the IMU measurements are
assumed to be constant throughout the measurement windows,
i.e.,

b&x = 0, b&v = 0, b&r = 0

(24)

Using Eq. (21) ~ (24), an augmented state-space equation is
obtained
U& 
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GPS/IMU FUSION BY EXTENDED KALMAN FILTER
To capture dynamic motions of the vehicle, a GPS receiver
with an output rate of 5Hz or higher should be used when
possible [8]. However, the update rate of today’s low-cost GPS
receivers can be lower. Actually, the GPS receivers we
purchased off the shelf have an update rate of 2.5 Hz. To
compensate for this slow update rate, GPS/IMU fusion is a
possible option. The characteristics of IMU signals (high update
rate but can have bias) are complementary to those of the GPS
signals (low update rate, un-biased) and thus form an ideal pair
for sensor fusion. Due to the non-linearity of Eqs. (1) ~ (4), the
Extended Kalman Filter technique is utilized for the sensor
fusion. Typical Extended Kalman Filter(EKF) has a structure in
the following [15].

xˆ k |k −1 = f ( xˆ k −1|k −1 , uk −1 )

a xm = U& − Vψ& + bx + wx
a = V& + Uψ& + b + w

(20)

A variable T is the time difference between when the actual
vehicle velocity occurs and the time when measurement is
available from the GPS receiver. This delay exists because of
the way to calculate the velocity, data processing time, and
other communication delays exist in the overall sensing and
estimation system. The estimated value of this variable will be
used for better synchronization between the GPS and IMU
signals. High frequency measurement noises also are
approximated by Gaussian white noises and their covariance
values are assumed to be known and described by the following
equations [16].

σ 2 w x 0
0 
Qc′ = ε {w w T } =  0 σ 2 w y 0 


0 σ 2 wr 
 0

(26)

Ts

Qk −1 = ∫ Φ k −1 (τ )Γk −1Qc′ΓT k −1Φ(τ )T k −1 dτ

(27)

0

Measurement covariance (Rk) in Eq. (14) sets the weight of
the measurement for state updates (Eq. (15)). The smaller it is,
the more impact the measurement has on the state update , and
vice versa. Resolution analysis revealed that heading angle and
sideslip angle measurement become more reliable as yaw rate
increases. To consider this in EKF above, the measurement
covariance (Rk) is modified to decrease as yaw rate increases.
Dynamics of the IMU Sensors
IMU sensor outputs are related to the vehicle lateral,
longitudinal and yaw motions in vehicle-fixed frame, and the
governing equations are:

GPS/IMU & GPS/GPS Synchronization
The unsynchronized updates between GPS and IMU were
known to be major error sources [14]. The GPS receivers
utilized for this paper estimate its velocity by interpreting the
change in carrier phase between successive samples. This
method is known to have inherent latency equal to one half of
the sampling time in delivering velocity measurements [12].
Since the update frequency of the GPS receiver of this work is
2.5Hz, the latency is about 200 ms. Moreover, the uncertain
internal data processing time (<300 ms by specification) of the
GPS module is added. Additionally, other possible
communication delays may make nominal calculation of total

real
V(GPS
= V(real
t)
t − T ) = V( t ) −

dV(real
t)
dt

T + H .O.T

where Vreal (t) is the true GPS speed at ‘t’ and is related to
vehicle motion variables [U ,V ,ψ ,ψ& ] . By assuming that
is small, we have

V(GPS
≈ V(treal
t)
) −(

∂V real dU ∂V real dV ∂V real dψ
+
+
)T
∂U dt
∂V dt
∂ψ dt

(28)

ψ&&
(29)

By combining Eq. (1) ~ (4) and Eq. (29), the measurement
function h in Eq. (18) is obtained.
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FIGURE 5. UNSYNCHRONIZED UPDATES FROM TWO GPS
RECEIVERS

At time t2, the measurement update from GPS2 is obtained and
the Kalman Filter update is to be obtained. However, since the
measurement from GPS1 is from time t1, it is “old” and if
mixed with the measurements from GPS2, erroneous side slip
estimates will be obtained. The latency between t1 and t2 can
reach one full sampling period of the GPS receiver (400 ms for
this work), which is unacceptable. To solve this problem, a
‘Quadratic Extrapolation Method’ is proposed. Figure 6
explains the concept of this method. The Kalman filter is to be
updated at t2, which requires accurate measurements at that
time instant. Assume that the last update from a GPS receiver
occurred at time t1. Then, three historical values from that GPS
are used to form a quadratic equation, which provides
extrapolated vehicle speed information for that GPS sensor at
t2. Intuitively the reliability of the proposed scheme will
decrease as the prediction time duration (t2-t1) increases.
Considering this factor, measurement noise covariance is
increased in the Extended Kalman Filter as the GPS/GPS
unsynchronized time (t2-t1 in Fig. 5) increases.

velocity

velocity
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GPS2

VGPS

Vreal

t-T
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delay more uncertain. Several methods were proposed in the
literature for time synchronization among multiple sensors
possibly including a GPS receiver. They can be categorized into
hardware-based and software-based methods. In hardwarebased methods, one Pulse-Per-Second signal (PPS) output from
a GPS receiver is used as the time-sync reference to other
sensors. This method requires direct access to the hardware of
the sensor modules and modification of the sensor software. In
software-based method, the time latency between GPS and
other sensors is estimated and used to correct the measurements.
Since delay of IMU signal is negligible (6 ms) compared to
GPS signal delay (~500 ms), all IMU signals are treated as realtime information. Therefore, time difference between GPS and
IMU can be treated same as the delay of GPS signals. The
Kalman Filter method presented in the previous section falls
into this category. Figure 4 shows a hypothetical case with the
velocity measurement of a GPS receiver. The relation between
the actual and measured vehicle speed is approximated by

GPS
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Time

FIGURE 4. TIME DELAY IN GPS MEASUREMENT
FIGURE 6. THE QUADRATIC EXTRAPOLATION METHOD

When multiple GPS receivers are used, the unsynchronized
measurements from these GPS units will further deteriorate the
performance of vehicle speed estimation. The concept of
unsynchronized GPS measurements is illustrates in Figure 5.

EXPERIMENTAL RESULTS
The overall estimation method combines the vehicle
kinematic relationship, an Extended Kalman Filter, and the
quadratic extrapolation method for GPS synchronization. To
validate the proposed method, a small pick-up truck was
equipped with a 2-axis accelerometer and yaw rate gyro. The

After t=7 sec in Fig. 7, a near-constant steering angle is
applied, resulting in a J-turn with significant yaw rate.
Consequently, the measurement covariance stays low. The
sideslip and heading angle estimation converged to the
reference signals of RT2500. Note that sideslip angle estimation
slightly deviates from the reference around t=12 sec, whereas
the heading angle estimation stays close to the reference. This
can be explained by the observation that the accurate sideslip
estimation requires high yaw rate and fast longitudinal speed,
where heading angle accuracy only depends on yaw rate (Eq.
(10)). A Root Mean Square (RMS) value of sideslip estimation
error is 1.93o (Average RMS results from 17 data set). Since the
sideslip estimation accuracy of the proposed method is known
to depend on yaw rate and longitudinal velocity, sideslip error is
considered only when yaw rate is between 13 o/sec and 17 o/sec
and longitudinal speed is in 8 ~ 12 m/s range. The calculation
assumes that reference signals from RT2500 represent true
values.
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Figure 7 shows example test results. This figure shows
the sideslip and heading angle estimation, GPS measurement
covariance and the absolute value of yaw rate. Solid lines are
estimation results of the proposed method and dashed lines are
references from RT2500. The test vehicle was driven straight
until 7 sec on high friction surface at a speed of 10 m/s. Right
before entering the low friction area, a large steering angle was
applied (around t=7 sec). Starting from that point, the vehicle
developed a significant sideslip angle. In straight line driving
(before 7 sec in Fig. 7), the vehicle yaw rate is low, and as a
result, the measurement covariance is high. In Fig. 7-(b), the
heading angle estimation does not converge to the reference due
to lack of reliable GPS measurement updates. In Fig. 7-(a), the
impact of GPS measurement on the sideslip estimation is
minimal because the initial sideslip estimation is set to zero and
actual sideslip angle with straight line maneuver stays around
zero.
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(d) | Yaw Rate |
30

deg/s

measurement noise levels (1 σ ) are 0.02 m/s2 and 0.08 deg/s
for accelerometers and the rate gyro, respectively. Two GPS
receivers (U-blox EVK-5H) were also installed. One unit was
located at the front end of the vehicle x-axis and the other was
at the rear end of the vehicle x-axis. The distance between the
two receivers was 4.8 m. The velocity update rate of the GPS
receivers is 2.5 Hz and the noise levels (1 σ ) are 0.01 m/s for
horizontal velocity. The accelerometer/ yaw rate gyro signals
were connected to a private CAN bus and GPS signals were
hooked to the public CAN bus with high priority. RT2500 from
Oxford Technical Solutions was also installed to provide
reference signal of the “true” sideslip angle measurement. The
J-turn maneuver was conducted on a wet-tile surface ( µ = ~
0.1). The initial speed was 10 m/s and steering angle was
greater than 180o. A total of 17 test runs were conducted and
test results were collected and processed.
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FIGURE 7. (a) SIDESLIP ESTIMATINON (B) HEADING
ANGLE ESTIMATION (C) MODIFIED MEASUREMENT
COVARIANCE (D) ABSOLUTE VALUE OF YAW RATE

Performance of the GPS/GPS and GPS/IMU
synchronization is presented in Fig. 8. It can be seen that if the
synchronization among sensors is not taken care of, significant
degradation in sideslip angle estimation performance may
occur. By considering synchronization, the estimation error is
reduced from about 10 degrees to less than 2 degrees when the
actual slip angle is 50 degrees (spin out in the J-turn). Clearly,
if an active safety system is implemented, the improved side
slip angle accuracy helps to trigger the active safety system and
maintain proper operation and vehicle control.
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FIGURE 8. THE IMPACT OF GPS/GPS & GPS/IMU
SYNCHRONIZATION ON SIDESLIP ESTIMATION
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Next, we investigate the IMU sensor biases and GPS/IMU
time latency estimation. There are no reference signals
available for comparison. Therefore, it is not possible to assess
whether the variables are accurately estimated. Instead, two
indirect evaluation methods were used. We check whether the
estimation is consistent through all 17 data sets. It is also
checked if the proposed method can observe artificially injected
bias. Figure 9 shows the bias estimations (longitudinal/lateral
acceleration and yaw rate) and GPS/IMU synchronization time
estimation for four randomly selected data sets. Consistent trend
indicates the proposed method seems to work as intended.
Figure 10 shows the lateral accelerometer bias estimation with
and without artificial bias (black solid line is without bias, red
dash-dot line is with a bias of 0.1 m/s2 and blue dashed line is
with a bias of -0.1 m/s2). Without the intentionally injected bias,
the proposed method yielded a converged value of 0.02 m/s2 as
a bias estimation. However, with bias injection of 0.1 m/s2 the
estimation ended up around 0.05 m/s2 and it did not converge.
The same non-convergence was observed with bias -0.1 m/s2
injection. This is because the number of valid GPS data was not
substantial enough for the speed of bias estimation. Although
the method fails to yield the converged estimation of injected
bias, significant increase of bias estimation with 0.1 m/s2
injection along with decrease caused by -0.1 m/s2 injection can
infer that bias estimation of the proposed method works.

5

Sync.Time.

0.02

deg/s

10

-10

0.01

0.03
0.02
0.01
0
-0.01

0

2

4

6

8

10

12

14

Time(s)

FIGURE 10. THE EFFECT OF INJECTD BIAS ON
LATERAL ACCELEROMETER BIAS ESTIMATION.

CONCLUSION
This paper has shown that the vehicle sideslip angle can be
successfully estimated using velocity information from two lowcost GPS receivers. Low update rate of the GPS receiver (2.5
Hz) was compensated by fast sampling IMU through an
Extended Kalman Filter. In addition, the IMU sensor biases
were estimated. A software method was successfully employed
for GPS/IMU synchronization. Asynchronous updates from the
two GPS receivers were found to be a source of estimation error
and a quadratic extrapolation method was used to reduce its
negative impact.
Our analysis indicated that the sideslip estimation accuracy
of the proposed method depends on the distance between the

two GPS receivers, the accuracy of the GPS speed error, vehicle
yaw rate and forward speed. Assuming the two GPS receivers
are installed on the front and rear ends of the vehicle, with
today’s GPS velocity error of 0.01 m/s (standard deviation), the
predicted accuracy (1 σ ) is around 0.65o when vehicle speed is
10 m/sec and yaw rate is 15 deg/sec (which is selected as a
typical sliding on icy scenario). However, our experimental
results have a much higher value of around 1.93o. The
unsynchronized GPS/GPS and GPS/IMU updates are believed
to be major error sources even after attenuation.
It has been confirmed that the proposed method based on
GPS measurements cannot observe the sideslip when yaw rate
is zero or longitudinal velocity is very low. However, those
conditions correspond to safe driving situation, which does not
require sideslip angle estimation. One exception is excessive
side sliding. However, since side sliding is typically followed by
significant yaw rate, the proposed method can provide reliable
sideslip information after yaw rate starts to build up.
Although this paper utilized two GPS receivers, it is lowcost compared to existing dual-antenna GPS kit for sideslip
estimation. It is because this work uses only velocity
measurement, whereas the later uses phase difference of carrier
waves. The GPS receiver/development kit we chose to evaluate
is among the cheaper ones ($100) to prove the feasibility of the
proposed method.
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